A class of generating functions based on the Padé approximants of the exponential function gives a doubly infinite class of number and polynomial sequences. These generalize the Bernoulli numbers and polynomials, as well as other sequences found in the literature. We derive analogues of the Kummer congruences, the von StaudtClausen Theorem, and other properties also satisfied by the ordinary Bernoulli numbers and polynomials.
INTRODUCTION
The Bernoulli numbers are usually defined by the generating function Various different generalizations, most notably Bernoulli numbers of higher orders, and generalized Bernoulli numbers belonging to a Dirichlet character, arise from changing the generating function (1.1) in certain ways.
The topic of this paper is related to the following generalizations, namely the numbers A k, n defined by 
n=0
A k, n t n n! , (1.2) and the numbers V k, n defined by
where y k (x) is the Bessel polynomial of degree k,
Obviously, A 1, n =V 0, n =B n . Both these generalizations, along with the corresponding polynomial sequences, were studied by Howard in [7] and [9] , respectively. The sequences in (1.3) also generalize the ''van der Pol numbers'' defined by 
V n t n n! , (1.5) so that V 1, n =V n (see [6] ). For further related references, see the introduction of [5] . Our main definition is based on the observation that the sequence of quotients 
+ · · · ).
The resulting linear systems normally have unique solutions; see, e.g., [2] . We can now define the main objects of study of this paper. 
It is clear from this definition and from (1.7)-(1.9) that
thus the Bernoulli-Padé numbers generalize both classes of sequences defined in (1.2) and (1.3).
In the recent paper [5] the above definition was extended, with the help of confluent hypergeometric functions, to arbitrary real or complex parameters r, s, with the exception of certain cases where the two parameters add up to a negative integer. Here we will not be concerned with the general situation, but rather restrict our attention to the numbers B The main purpose of this paper is to study properties of the BernoulliPadé numbers and polynomials that are analogous to some of the more important properties of the ordinary Bernoulli numbers and polynomials.
In Section 2 we derive some basic properties and then study analogues of the fundamental difference equation. In Sections 3 and 5 we prove various results that are analogous to the von Staudt-Clausen Theorem, and in Section 4 we obtain congruences that resemble the Kummer congruences satisfied by the ordinary Bernoulli numbers. Finally, in Section 7, we prove an irreducibility result for an infinite class of Bernoulli-Padé polynomials.
An analogue of another important property of the Bernoulli numbers, namely Euler's formula which links them with the Riemann zeta function, can be found in [5] .
RECURRENCE RELATIONS AND FUNCTIONAL EQUATIONS
One of the most basic and important properties of the Bernoulli-Padé numbers is the following recurrence relation which generalizes that of the ordinary Bernoulli numbers and those for the sequences defined in (1.2) and (1.3).
Proposition 2.1. For fixed nonnegative integers r and s, the BernoulliPadé numbers satisfy B (r, s) 0
=1, and for n \ 1,
This is straightforward but tedious to prove by multiplying both sides of (1.11) by the denominator of the left-hand side, using (1.7) and (1.8).
Another equivalent form of the recurrence is given in [5] We continue with some basic properties of the Bernoulli-Padé polynomials. Most of the identities (2.2)-(2.6) were already given in [5] ; we repeat them here for completeness and easy reference.
Proposition 2.2. For all nonnegative integers r, s, and n, we have
Proof. Since the left-hand side of (1.12) is of the form F(t) e xt , where F(t) is the generating function in (1.11), the sequences {B
are Appell polynomials (see, e.g., [11] ), and as such they satisfy the first three properties. Identity (2.5) follows easily from (1.12) and (1.10). L Note that in property (2.5) the orders are interchanged. When r=s, we obtain a direct analogue to the corresponding well-known identity for the ordinary Bernoulli polynomials, and x=1/2 gives, as in the ordinary case, 1, 2 
This has been generalized to the polynomials V n (x) associated with the van der Pol numbers defined in (1.5), namely
for n \ 2 (see [8] ), and also to the polynomials A k, n (z) associated with the numbers defined in (1.2): For n \ k,
(see [7] ). With (2.4) this can be rewritten as
The form (2.9) now suggests the following generalization: Let D be the usual derivative operator,
Proof. We begin with a general observation. If p n (x) is an Appell polynomial of degree n, i.e., 
On the other hand, we have
Now (2.11) follows by equating coefficients of t n . L
It is easy to see that (2.7), (2.8), and (2.9) are special cases of (2.11). Using (1.7), (1.8), and (2.4), we can rewrite (2.11) in a more explicit form: 
(2.13)
We state the special case r=s separately:
Corollary 2.2. For nonnegative integers r and n \ 2r+1 we have
(2.14)
We see again that this extends (2.7) and (2.8).
We close this section with a consequence of (2.13). An interesting relation among van der Pol numbers that has no analogue with the Bernoulli numbers is the following (see [8] ): For r=1 this clearly reduces to (2.15), while for r=0 we obtain the wellknown fact that B 2n+1 =0 for n > 0. We note that (2.16) is not new; it was derived in [9] , in a somewhat different notation.
In the more general case of (2.13), we obtain the following identity, again having set x=0 and using (2.5). As a particular example, we obtain
THE DENOMINATORS OF BERNOULLI-PADÉ NUMBERS
We know from the recurrence relations in Proposition 2.1 that the numbers B (r, s) n are rational numbers. In the case B n =B (0, 0) n , the ordinary Bernoulli numbers, the denominators are completely determined by the von Staudt-Clausen theorem which states that the denominator of B n is the product of all primes p such that p − 1 divides n. The theorem is actually somewhat stronger; see, e.g., [10, p. 233] .
In the general case the situation is more complicated, but one can observe some strong patterns, most of which we will prove in this and the next two sections. We first introduce the following notation.
Given a prime p, let a 
This would imply that a
where
here ord p (a) is the highest power of p that divides a. Indeed, we have
The proof is based on that of an analogous result of Howard [7] for the numbers A k, n defined in (1.2) . We use the following lemma from [7] .
Lemma 3.1. Given a prime p and integers m \ 0 and 0 < v < p, we have
We will also make use of the inequality
for integers n > k \ 0 and m > 0, which is not difficult to verify. To simplify notation, we set w :=r+s+1 here and for the remainder of this paper.
Proof of Proposition 3.1. We prove the result by induction on n. Since B 
Now take ord p on both sides,
Since p > r+s+1, we have ord p w!=0. Also clearly ord p ( n+s − k s ) \ 0, and by the induction hypothesis we have
Now by (3.3) and (3.4) we have
This means that the right-hand side of (3.5) is nonnegative, which implies (3.2).
For certain values of n the inequality in (3.2) can be shown to be an equality. To prove this fact, we require some results from the following section.
KUMMER-TYPE CONGRUENCES
Among the most important and useful arithmetic properties of the ordinary Bernoulli numbers are the Kummer congruence
(p a prime and p − 1 h n) and its many variants; see, e.g., [10, p. 239 ]. Here we will prove an analogue and some consequences; these will be used in later sections. The results and proofs are again similar to analogous results on the numbers A k, n in (1.2) due to Howard [7] . Recall that we have set w=r+s+1. To simplify notation, we set for primes p \ w and integers n and m, 0 [ m < p − w,
and b
Considering (3.6) again, we see that for (4.7) to hold we also need It is now easy to verify that the term in parentheses above is congruent (mod p) to that in (4.13). L
FURTHER RESULTS ON THE DENOMINATOR
The congruences of the previous section can be used to show that for n in certain residue classes, the inequality in (3.2) becomes an equality.
